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Within the framework of the Cauchy problem, a class of models of 2 linear vis-
coelastic body subjected to the stability principle of the natural unstressed state
state of viscoelastic bodies (Principle Y)is isolated in [1). The principle Y is
formulated as follows, Let the boundary conditions be such that the appropriate
elasticity theory problem has a zero solution, If a viscoelastic body is free of
extemal loads at each instant ¢ > 0 ,then for every initial state, strain of the
body vanishes as ¢ — oo. The principle Y is called partial if it is satisfied only
for some particular class of viscoelasticity problems,

Sufficient conditions for compliance with the partial Y principle are obtained
in this paper for models of viscoelastic bodies within the framework of the fun-
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damental initial-boundary value problems for finite bodies.

1, Formulation of the problem. The law connecting the strain €;; and
stress Oy tensors is taken [1, 2] as

C (a)) Oy = A (0) &0y + 2B (01) ep1y 285 = Qg T Ak

Here A (p), B (p), C (p) are polynomials of degree m4, mgp, mc respectively,
my < mp, mg < mp, the symbol 8 is the Kronecker delta, g, is the partial de-
divative with respect to the time , a,,(where k = 1, 2, 3) are the components of
the displacement vector a, the subscript (1) after the comma denotes differentiation
with respect to the corresponding space coordinate (z;), and summation is taken over
repeated subscripts,

The linear viscoelasticity equations are

B (8,) Aa + [A (8,) + B (9,)] grad diva — C (8,) p0,*a = —C (8y) F (1.1)

The first initial-boundary value problem of linear viscoelasticity, the problem A
is considered (see Notes 3. 1 and 3, 2 for the remaining problems)

058 |1mo = by 0k N =max {mg—1, mc + 1}), (1.2
a lr =0
Here p > 0 is the density of the material, F are the extemal body forces, I' is the

boundary of the finite volume £ which is henceforth assumed sufficiently smooth,
The solution of the problem A is sought in the form

a=u-+u, u(x, ) =x(t) D t*b,
k=0

where % (#) is a fixed, infinitely differentiable function, equal to unity in the neighbor-
hood of the point ¢ = 0 and to zero for { > 1. The vector function u evidently satis-
fies the homogeneous boundary and initial conditions (1. 2) and is a solution of (1, 1)
with a known altered right side @,
The Laplace transform o0
v (z, p)= Lu _=_S e u(x, t)dt
0

is used to investigate Problem A, and results in some boundary value problem with a
parameter, i. e, Problem B, Problem B is posed in a generalized formulation below (De~
finition 3. 1).

2. Auxiliary material, The following spaces are introduced. Let H be some
separable, complex Hilbert space,

The space Ej (y, H) is a space of functions ¢ (p) with values in H which are ana-
lytic ( [3], p. 184) in the half-plane Rep = 0 >> 9 > 0 and have the finite norm

9By =su § 1060 +imBt +]s -+ iv [N

The space P, (y, H) (k > 0 is an integer and y > 0) is a complex space of func-
tions f (¢) with values in H, possessing generalized derivatives ,”f (see [4]) up to
order k with respect to ¢ inclusive on R, = [0, oo) such that 3,"f = 0 for ¢ =
0 (0 <r< k) and the finite norm is
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o k
1/ oy == S 2 o ffudt

Analogous spaces for the scalar functions have been introduced in [5].
The space L* (R,, S) [4] which is the space of functions ¢ (¢) with values in a Ba-
nach space § having the finite norm .

lalixr,, s = § fa@®)[sde

will also be used later,

The following theorem holds,

Theorem P,—W. The Laplace transform operator L continuously maps the space
Py (y, H) (k > Ois an integer, 7 > 0) onto the space E} (v, H). The operator L
is continuously invertible and its inverse is the inverse Laplace transform operator. Na-
mely,if ¢ (p) € E; (y, H), then

a) there exists a function @ (y -+ iT) such that

im § jor+iv—o@+infdr=0
oY o

b) there exists a function f (1) & Py (y, H), such that

o0 k y44M 2
lim { ™ 3 ﬂa,’f(t)- VG o + vy e dvﬂ dt=0
M—ro0 g r=0 M j3

and ¢(p) =L/ (t)
The Theorem P,— W, is a generalization of the Paley-Wiener theorem (see [§]). To
prove its first part, an arbitrary element f () from Py (y, H) is expanded in a series
in the complete orthonormalized basis Yy, of the space H

Ft) = 2}1 dn(t)¥ne  du(t) = (F-Po)ur
From the form of the norm o k

1 oo ) ={ Je™ D laldnr)pat
0 n=i T2

and the definition of the space P, (y, H) there results that dy, () & P, (') ¥ »
0 (see [5]). From Theorem 7, 1, in [5] (see also the remark there), it follows that &, =
Ld, & Ej (y) (see [5]), and the operator L is continuous. Hence, and from the ortho-
normality of the basis v, there results that

@ =Lf= D) dntbn
f==]

belongs to the space E, (v, H) and the operator L acts continuously from Py (v, H)
into £y (y, H). The reverse assertion of the P,— W. Theorem is proved analogously.
Later, estimates of the polynomials P (p, &, B) with the real coefficients

P(p, o, ﬁ) =D (p, a) + ﬁp’C(p)

D, @) =dy(@p"+ ...+ dn(@), CO)=cop?+ ...+ >0
will be obtained, where d, (&) are contimuous functions of the parameter o, ¢ =
megL n,n_>0.
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Theorem 2.1, Forall a € [0, &°], f & [0, p°l; a°, B°<C oo , let all roots
prof the polynomial P (p, @, f) lie in the domain Re p = 0 << 0 and d, (a) # 0.
Then the following estimate holds

|2 (p, @ B)[>m (1 +|p]"), Rep>0 (2.1
{n, me+1<n

r =
n—1, mg=n

inf {c\dy (@) — cod, (@)} = my >0, a0, a]

Here and henceforth m, ~> O are certain positive constants.

Proof. Expansion of the polynomial P (p, @, PB) into prime factors and the cqndi-
tion Re pp << 0 show that the estimate (2. 1) holds if the coefficient of the highest
power in p does not vanish, This latter is always valid for » > ¢ + 2, and if f €
{8, p°], where § > O is any number, then also for 7 < ¢ -+ 1. (It must be taken
into account that the set of roots p; forms a bounded closed set in the domain ¢ << 0
on the plane of the complex variable p = ¢ + it for the mentioned «, f.) In par-
ticular, the estimate (2, 1) holds for the polynomial D(p, o). Hence, it follows that for
every M < oo, so small a §, > 0 can always exist such that the estimate (2. 1) will
alsohold for | p [ << M and B [0, 8,].

There remains to prove the estimate (2. 1) under the conditions P: | p | > M,

s >0, ac [0, a’l, B [0, 8], n < g + 1, where M is sufficiently large.

Let n = ¢ + 1. Since all the coefficients of the polynomial P (p, «, B) are posi-
tive (this follows from the condition Re p; << 0), we deduce

|P(P, x, 5)|=lplnldo(“)+ﬁco°+ﬁcl+ifﬁco+

PP (p7Y a, B> |pMldy (@) —meM > my|p[* >0
mg=sup| P, (p7, a, P)|<oo for a0, @], peIO,
Bl [p|>1

Now let n = g. Then

[P(p, a, B[ =|p|" | xta(p, @ B)+ ixe (P, @ B) +
p P, (p7 a, P)
%1 (P &, B) = —B (3cy0 + ¢1) T + P (€40° + €10 + €5 +¢5) +
deo + dy % (P, @, B) = —PcoT® + Pt (3c00® + 2¢,0 +
c) +dy (@) T
(if ¢ < 3,then ¢, = 0 for s > q). It is seen that

'pz(P-11 @, B)"<m5<m1 fOIﬁE[O, ﬁD], |p|>1,

a =0, o]
If | % |2 m >0, then under the conditions P the estimate (2. 1) holds with the
constant m, = Y,7. In particular, this is valid if | 7| </, ¢ and §, is sufficiently
small,

Let | %, ] << M and | 7| > Y,0,then
| %2 (Py @, B) [=1~= (3co0 + €)M | 6@y — cody + B (8ey?0® +
8c,6,0% + 2¢0050 + 26,20 + €16, — €oCs) + (CoX1 T 2€0840) |
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If M is sufficiently large,and §,, n are small, then the value of the second factor in
the right side can be given a lowet bound in terms of !/ym,. Indeed, a number o, > 0
can be indicated such that for 0 > 6, all the terms of this factor in parentheses are
positive, If 0 < 0 < 0,, then this estimate holds for sufficiently small §, >> 0. The
estimate (2, 1) hence results,

It must be noted that an additional condition in case r = n — 1 for Theorem 2,1
will reinforce the main condition Re p, << 0, since the first Hurwitz determinant for
the polynomial P (p, @, f), which should be positive, is

B leydy (@) — cody (@)] + B? (c162 — coeg) >0

8. Sufficient conditions for compliance with the partial prin-
ciple Y, Let H be a complex space of vector-functions ¢ = (¢;, @;, @3)formed
by the closure of functions ¢, continuously differentiable in 2 and equal to zero on T’
in the norm generated by the scalar product

(@)= S @k, 1¥r, 1 dQ
a

where ¥, is the complex~conjugate to the function ¥,. Evidently
H = WM (Q) x WM (Q) X WyN(Q)

Definition 3. 1. The vector function v & H satisfying the equality
§){B (P) vk, 1%k, + [A (p) + B (p)] div v div ¢} dQ + (3.1

§)P2C (P) pUxPy dQ = ‘S]fk$k dQ, T=(fy, fy, fo) = L®
for any vector function ¢ & H is called a generalized solution of the Problem B for
a fixed p . For the definition to be correct it is required that the right side of (3, 1) be
a continuous functional in ¢ in the space H,

Using the Riesz theorem about the representations of a continuous linear functional in
Hilbert space,(3. 1) can be written as an operator equation in the space H

B(p)v +[A(p) + B(p)] G1v + pp*C (p) Gyv = Ki (3.2)
(GyV-@)g = S div v div@dQ
Q

(G2v-@)a = S viPxdQ, (Ki-q@)y = S f1Px dQ
o} !

Lemma 3, 1. The operators G, and G,are continuous and positive in the space
H. The operator K acts continuously from the space W, (Q) X W,V (Q) X
W(Q) in H; || Gyl = 1.

Corresponding properties of the operators result from their definition and the imbedding
theorem of Sobolev [6]. In [7] it is proved that || G,|| = 1. The operator of the leftside
of (3. 2), denoted by T (p) is considered, The following identity holds:

T @ o®n=I¢luPo(p, « B) (3.3)
Py (p, @, B) = B (p) + a [4 (p) + B (p)] + Bp2C (p)
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o=@k Gi19 ®n B=plels (G- P)n

There follows from Lemma 3,1 that 0 C a <C 1, 0 < B < By < oo

Lemma 3,2, Letthe polynomial P, (p, a, B) satisfy all the conditions of The-
orem 2,1, where «° = 1, B° = P, and Kf = E, (0, H). Then (3.2)is uniquely sol-
vable in H for all Re p > 0,and its solution is v (p) & E, (0, H) [ E; (0,

L2 (Q)),where k = r =nformc+1>nadk + 1 =r = nfor mgc=n.

There follows from the identity (3, 3) and Theorem 2, 1 that for Re p > 0 the opera-
tor T (p) possesses a continuous inverse operator T~! {p). It is seen that the operator T'(p),
the conjugate of the operator T (p}is T (p). There results from the above that T’ (p)g==0
for Re p>» 0 ,if and only if @ = 0. According to the Banach theorem on operators with
a closed domain of values ([3], p. 284), the domain of values of the operator T (p) for
Re p > 0 is the whole space H. Therefore, (3. 2) is uniquely solvable for all Kf < H.
Furthermore, T (p) is an entire operator~function of the parameter p. Hence, and from
the continuity of the operator T (p) there results the analyticity of the solution v (p)
of (3. 2) in the domain Re p > 0, where the function Kf (p) is analytic.

To obtain an estimate of the solution v (p) ,Eq. (3. 2) in which its solution has been
substituted, is multiplied scalarly term-by-term in the space H by v (p). From the ob~
tained equality, and taking account of (3, 3)' and Theorem 2, 1, the following estimate is
oo o oy a4 1P+ T8V (9 By (4 + 1 P19 < mal K g
where % is defined by the conditions of the lemma, Re p > 0, me < oo. Taking into
account this estimate, the definition of the operator G, and returning to the equality
obtained above, an estimate can be deduced for y = 1 also (with an altered constant
ms) , which completes the proof of the lemma,

Application of the P,— W, theorem now assures the existence of a unique generalized
solution u () of the Problem A in the following sense: u (¢) satisfies the equation

(=]

§ {(-B(—8) ) + (Gru-[4(— ) + B(— 3)1 ¥)a +

0
(Gu-p3,C (— 3,) $)u — (K®-p)u}dt =0
for an arbitrary function « (t) infinitely differentiable with respect to ¢, and with va-
lues in the space H equal to zero for ¢ > T (the value 7' < oo is its own for each
function ).

Using the existence theorems proved in [2], the definition of the generalized solution
of Problem A may be given the form of the corresponding definition from [2]. Therefore,
the following theorem is valid,

Theorem 3. 1. Letall b, from the initial conditions (1. 2) belong to the space
H, and C (3;) F = L* (R,, L% (Q)). Furthermore, let all the roots p,of the polyno~
mial P, (p,a, f§) lie in the domain Re p << 0 and d, (a) = 0 for all & = [0,
11, p <10, Bol.

Then there exists a unique generalized solution u (¢) of Problem A belonging to the
space P, (0,H) N P, (0, L% (Q)), where k = r = mp if mp > ma, mp >
me~+1 and k4 1=r=mpif mg > mas, mp= mg >0 and

inf [c,dy (@) — cody (@)] = my >0  for a & [0, 1]
Here d,(a) = B, (1 + @) + @, j, j =mp — ma, a; = 0 for s <0, and
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o5 Ps are coefficients of the polynomials A (p) and B (p) , respectively.

The existence of a unique "complete" generalized solution of Problem A follows from
Theorem 3, 1 by virtue of the estimates of the solution, A direct corollary to Theorem
3.1is:

Theorem 3.2, Let all the conditions of Theorem 3, 1 be satisfied, Then

o k r
({S 1ok + SNotafs@)dt—0 for M—oco
M “s=0 =0

As a corollary from Theorem 3, 2 and the inequality [4],

© g
1o o <m: { D |0 ofdt, 1=0,...,6—1>0

M s=0
with a constant m, independent of M, ¢ (f), there results that as ¢ — oo

19 afixay—>0, 1=0,...,r—1

|ofafg—0, s=0,...,k—1, if £>0

uniformly in 2 .

It hence follows that the conditions of Theorem 3, 1 are sufficient conditions for com-
pliance of the partial principle Y,

Note 3,1. Al the results obtained above are carried over directly to the case of
a mixed initial-boundary value problem of linear viscoelasticity (part of the body boun-
dary is rigidly fixed, and a surface load f, acts on its other part), Here only changes which
must hence be inserted in the conditions of the corresponding theorems will be noted,

The space H is replaced by H,, where H, is the closure of vector-functions ¢ —
(P1» @3, Pg),continuously differentiable in Q which satisfy homogeneous geometric
conditions for supporting the body (such as the Korn inequality [8] is satisfied for¢ ) in
the norm induced by the scalar product

@ =1 | @t + 000 @ro+ T a0

f1
The polynomial P, (p, @, B)and d, (&) are replaced by
P, (p, a, B) = 2B (p) + ad (p) + Pp*C (p)
dy (@) = 2B, + aoe-j, f=mg—m,
The range of variation of the parameter & is {0, 1] to [0, 3]; this is a result of

the known inequality [7] S | div (PI"‘ d0< 3“(')“%“
Q

Moreover, it is necessary to impose everywhere the condition
C (0) ke L* (R,, L ()

where T’y is the part of the body boundary on which the load f, acts,

Note 3,2, When the body boundary is not clamped, or the support allows displace-
ment of the body as a rigid whole, correspanding theorems also hold in a formulation
which agrees with the formulation of the theorem from Note 3.1, Not for the whole dis-
placement vector a, but for its "deformation" part a,, which is extracted as follows:
follows:
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a=a;+ 2 %% (AP)w, =0, s=1,.. .m

$==1

where ¥, is the basis of the rigid displacement vectors (m = 6 in the case of an unfixed
boundary),

Note 3. 3. For each specific problem of the linear viscoelasticity problems posed,
the domain of variation of the parameter § is bounded. For partial principle Y to be
satisfied simultaneously for all such specific problems, it is necessary to require that all
roots of the appropriate polynomials P (p, @, B) lie in the left half-plane of the com-
plex variable p for all @ = [0, @,°], B e R,.

The author is grateful to I, 1. Vorovich for formulating the problem,
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STATE OF STRESS IN A FLAT CIRCULAR RING WITH A CRACK

PMM Vol. 39, N2 6, 1975, pp. 1118-1128
B, P, BELINSKII and A, Z, LOKSHIN
(Leningrad)
(Received july 15, 1974)

The stress distribution in a circular isotropic ring with a crack on part of the
concentric circle is investigated, A system of functional equations governing
the coefficients of the complex Fourier series expansion of the stresses acting
on the circle on which the crack is located is obtained. The solution of the
mentioned system of equations is obtained by using a factorization method,
which permitted reduction of the initial system of equations to two coupled
infinite systems of algebraic equations, The possibility of using the method



